The Las Vergnas' strong map conjecture, states that any strong map of oriented matroids f : M1 → M2 can be factored into extensions and contractions. The conjecture is known to be false due to a construction by Richter-Gebert, he find a non-factorizable strong map f : M1 → M2, however in his example M1 is not realizable. The problem that whether there exists a non-factorizable strong map between realizable oriented matroids still remains open. In this paper we provide a counterexample to the strong map conjecture on realizable oriented matroids, which is a strong map f : M1 → M2, M1 is an alternating oriented matroid of rank 4 and f has corank 2. We prove it is not factorizable by showing that there is no uniform oriented matroid M ′ of rank 3 such that M1 → M ′ → M2.
Background
The strong map conjecture, firstly posed by Las Vergnas [1] , asserts that any strong map of oriented matroids f : M 1 → M 2 can be factored into extensions and contractions, i.e., let the ground set of M 1 be E, we say f is factorizable into extensions and contractions (or factorizable for short) iff there exist an oriented matroidM on E ∪ S such that M 1 =M\S and M 2 =M/S. It is known that the conjecture holds for ordinary matroid case [2] , and a counterexample has been constructed by Richter-Gebert [3] , in his construction M 1 is not realizable. The problem that whether this conjecture holds when both M 1 and M 2 are realizable has been proposed in [4] (more details were discussed in [5] ). In this note, we will present a counterexample to this conjecture.
Theorem 1.
There is a strong map f : M 1 → M 2 with M 1 being an alternating oriented matroid of rank 4 on 8 elements and f corank 2, which is not factorizable into extensions and contractions.
For completeness we will include a brief introduction to the theory of oriented matroids, in which we try to cover most conventions and facts we use in this short note, one could refer to [6] for a detailed treatment.
Datum of oriented matroid can be encoded by circuits, vectors, cocircuits, covectors, topes or chirotope. Let E be a finite set. Circuits, vectors, cocircuits, covectors, topes are all signed vectors on E. A signed vector X is a mapping X : E → {−1, 0, 1}. X −1 (1) and X −1 (−1) are denoted as X + and X − , respectively. We will use two ways to write the signed vectors, for example when E = {1, . . . , 5}, X + = {1, 3} and X − = {2, 4}, X = (+ − + − 0) or X = 1234. 0 is the signed vector X with X + = X − = ∅, 1 is the signed vector X with X + = X. If X is a signed vector, define −X to be the signed vector with (−X)(i) = −X(i), which is called the opposite of X. Given a set of signed vectors X , reorientation of an element e ∈ E is the operation reversing values of X(e) for all signed vectors X ∈ X . The support of a signed vector is defined as X + ∪ X − , denoted as X, the size of X is defined as the size of support, signed vector X has full support iff X = E. Two signed vectors Y and Z are perpendicular iff in their component-wise products X, X + and X − are all empty or all non-empty, written as Y ⊥ Z. There is a natural partial ordering on signed vectors:
The chirotope is an anti-symmetric mapping χ : E r → {1, 0, −1}, in which r = r(M) is the rank of the oriented matroid. An oriented matroid can be encoded by a set of circuits, or cocircuits, etc, satisfying certain sets of axioms ([6] Chapter. 3). For completeness, we include the covector axiomatization of oriented matroids here:
, covectors L is a set of signed vector on E such that:
In which S(X, Y ) := {e ∈ E|X(e) = −Y (e) = 0} and X • Y is the signed vector defined as
A finite set of points E = {v 1 , . . . , v n } in affine space R r−1 is a point configuration if their affine closure is R r−1 , we can associate it with an oriented matroid M. Each affine dependency
Geometrically this implies the convex hull of X + and X − are intersecting at interior points. And each w ∈ R r * , a ∈ R defines a covector X of M such that
That is, X + and X − lie in two half-spaces cut by hyperplane {v i | v i , w = a}. Circuits are non-zero -minimal vectors and cocircuits are non-zero -minimal covectors and topes are -maximal covectors. The chirotope is an alternating function on E r , χ : E r → {−1, 0, 1}, defined by χ(i 1 , . . . , i r ) = sign(det(v i1 − v ir , . . . , v ir−1 − v ir )) (−χ is considered to be same chirotope as χ ). An oriented matroid is realizable iff its chirotope arises in this way for some {v e : e ∈ E}, up to reorientation of elements. One could verify that every vector is perpendicular to every covector, which is a property also holds for non-realizable oriented matroids.
An oriented matroids is uniform iff χ(i 1 , . . . , i r ) = 0 for all i 1 , . . . , i r distinct. In which the size of circuits are always r + 1 and size of cocircuits are always n − r. Define Φ r (n) := r i=0 n i , the number of topes is 2Φ r−1 (n − 1) [7] . An oriented matroid is acyclic iff 1 is a covector. Acyclic uniform oriented matroids of rank 2 are in one-to-one correspondence with linear orderings of its ground set: for example if the ordering is e 1 , . . . , e n , the chirotope of oriented matroid are defined as χ(e i , e j ) = 1 iff i < j.
We
′ ⊆ E 1 , the restriction of M 1 on E ′ is the oriented matroid that deletes all elements not in E ′ . Contractions are defined as follows: if M 1 is on ground set E and u ∈ E, contraction of u is defined as a oriented matroid M 2 on E \ {u} with chirotope χ 2 (x 1 , . . . , x r−1 ) = χ 1 (u, x 1 , . . . , x r−1 ), written as
The contraction of a subset U ⊆ E is composite of contracting all elements in U .
Define there is a strong map from M 1 to M 2 iff they are on same ground set and every covector of M 1 is a covector of M 2 , in this case, we write the strong map f : M 1 → M 2 (for a general discussion see [6] pp. 319), the corank of a strong map is defined as r(M 1 ) − r(M 2 ). A composition of extensions and contractions on a same set of elements is always a strong map (we say such strong map factorizable for short), the strong map conjecture asks whether the converse is true. It is known that the conjecture holds if corank is 1, rank of M 2 is 1 or rank of M 1 only one less than the size of ground set( [8] , Exercise 7.30 in [6] ). The following proposition gives a equivalent condition for strong maps for uniform oriented matroids. Proposition 1. Let T 1 , T 2 be topes of oriented matroids M 1 , M 2 , respectively. We further assume M 2 is uniform, then there exists a strong map
Proof. The "only if" part is trivial since every tope is a covector, we will prove the "if" part. Let C 1 , C 2 be covectors of oriented matroids M 1 , M 2 , respectively. Suppose X ∈ C 2 , then since M 2 is uniform, any X ′ X is a covector of M 2 . Let P(X) = {X ′ : X ′ X, X ′ has full support}, we have P(X) ⊆ T 2 ⊆ T 1 ⊆ C 1 . Then we prove X is a covector of M 1 . Observe that if X 1 , X 2 are two covectors that only differ in one index (i.e. there exists i ∈ E s.t. X 1 (e) = X 2 (e) for e = i and X 1 (i) = −X 2 (i)), then by covector elimination X ′ with X ′ (e) = X 2 (e) for e = i and X ′ (i) = 0 is a covector, applying this property on P(X) iteratively we have X ∈ C 1 . Thus
n even, defined as the oriented matroid with χ(i, j, k, l) = 1 when 1 ≤ i < j < k < l ≤ n. The topes of M 1 are all signed vectors with at most 3 sign changes, i.e., signed vectors with the form (+ · · · + − · · · −), (+ · · · + − · · · − + · · · +) or (+ · · · + − · · · − + · · · + − · · · −). M 2 is a rank 2 oriented matroid defined as follows: let σ be the permutation (1 2)(3 4) . . . (n − 1 n) , chirotope of M 2 is defined as χ(i, j) = 1 iff σ(i) ≥ σ(j). Topes of M 2 were all in forms of (+ · · · + − · · · −) or (+ · · · + − + − · · · −). Thus by Proposition 1, f : M 1 → M 2 is a strong map. Note that alternating oriented matroid is always realizable, in our case a realization is f : t → (t, t 2 , t 3 ), t = 1, . . . , n. We first give an intuitive (and invalid) explanation of why f is not factorizable when n is big enough. Note that M 1 can be realized by moment curve t ∈ [n], h : t → (t, t 2 , t 3 ), we could extend it for t ∈ R. And if f is a factorizable strong map, it can be realized as a linear projective transformation, let the transformation be g, then g(h(t)) is a rational function in form of p 1 (t)/p 2 (t), in which p 1 , p 2 is at most cubic polynomial. So the number of t with (g • h)
′ (t) = 0 is at most 4 and the number of poles is at most 3. So we could realize M 2 as [n] → R, which is the restriction of g • h on [n], then for every i = 2, . . − 1) ) holds, which means there is a critical point or pole of g • h near i, so the number of such points is at least n − 2, which leads to a contradiction.
This argument is not valid due to two reasons. Firstly the realization does not necessarily be the moment curve, secondly the extension may be not realizable. So we employ a computational method to show that for n = 8, f is not factorizable. If f is factorizable, then since deletions and contractions commute there exists an oriented matroid M ′ of rank 3 such that f 1 • f 2 where
are both strong maps. We can further assume that M ′ is uniform by perturbing the extension element (Proposition 7.2.2(2) in [6] ).
Then we use integer programming method to verify that M ′ do not exist. Recall that topes of M 1 are signed vectors with at most 3 sign changes, let them be X 1 , . . . , X m , the cardinality of topes should be m = Φ 2 (n − 1). w i be binary variables taking value in {0, 1} and be 1 iff X i is a tope of M ′ . Let C 4 be all signed vector of size 4. For each 4-subset of ground set {a, b, c, d} ∈ When n = 8, the ILP problem has 553 variables and 3784 constraints. We use ILP solver Gurobi 7.5 [9] to solve this ILP problem, computations are performed on a laptop with a 2.6 GHz Intel dual-Core i5 processor and 4GB of RAM, the solve time is ∼ 4 seconds. The objective function value is 28 for the optimal solution. If M ′ exists, the optimal value of the ILP should be no less than the cardinality of topes of M ′ , which is Φ 2 (7) = 29. Thus M ′ does not exist, which proves Theorem 1.
